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We present a practical diagnostic for quantifying changes to the supercontinuum spectrum of an ultrashort laser
pulse undergoing nonlinear propagation. The method allows a connection to be made between a nonlinear physics phenomenon and the specific regions of the angular spectrum that it affects. We apply this method to investigate interference between third-harmonic generation and self-phase modulation. © 2019 Optical Society of
America
https://doi.org/10.1364/JOSAB.36.00A105

1. INTRODUCTION
The propagation of intense, ultrashort laser pulses in gaseous
media produces a wide range of observable nonlinear phenomena, including harmonic [1–4] and supercontinuum generation
[5–7], the generation of plasma through ionization [8,9],
and its subsequent acceleration under the field. All of these
phenomena arise from complicated, nonlinear interactions
between the laser pulse and the medium [10]. In the equations
used to model pulse dynamics, each nonlinear source term is
attributed to a particular physical effect. It is often difficult to
understand which sources of nonlinearity have contributed to a
specific change in the laser pulse, since the equations for the
nonlinear source terms do not act independently.
One method of interpreting the dynamics of a propagating
ultrashort pulse is to analyze the angularly resolved spectrum.
Many of the notable events in pulse dynamics leave marked
features by modifying a portion of the spectrum [11–13]
due to the connection between real-time spatiotemporal and
time-integrated spatiospectral evolution of the electric field.
Identifying which features of the angular spectrum correspond
to which events in the propagation of the laser pulse has led to a
better understanding of conical emission, pulse splitting, and
X-waves [12,14,15]. Therefore, any techniques that help extract information from angularly resolved spectra are extremely
valuable for interpretation of nonlinear pulse dynamics [16].
The method presented here is a technique for identifying
which physical effects modify specific regions of the angularly
resolved spectrum and how they interact with each other. We
make use of the fact that the interactions between the laser light
and the medium are modeled as a superposition of medium
response functions and can therefore be separately analyzed.
0740-3224/19/02A105-07 Journal © 2019 Optical Society of America

The method comprises two complementary techniques. The
first is calculation of the change of angularly resolved spectral
intensity along propagation due to a given medium response.
This is useful for investigating the transfer of energy between
two regions of the spectrum. As an example of this, it is possible
to quantify the change in spectral intensity of fundamental and
third-harmonic radiations due to third-harmonic generation
(THG). The second technique is to track the physical origins
of newly generated radiation. This is performed by propagating
auxiliary fields that are each driven by a single nonlinear source.
From these fields, it is possible to identify where physical effects
populate the angular spectrum and whether multiple effects
that contribute to the same spectral region interfere constructively or destructively. A benefit of using these diagnostic techniques is that they do not modify in any way the propagation
model. Rather, they simply tag the propagating electric field in
order to keep track of the energy flow between spectral regions
and the physical origin of the new radiation generated during
propagation.
The paper is organized as follows. In Section 2, the mathematical formulation of the method is presented for a unidirectional laser propagation equation. We perform a nonlinear
propagation simulation of an ultrashort laser pulse focused
in air (Section 3) for a case of supercontinuum generation arising from a combination of spectral broadening of the fundamental via self-phase modulation (SPM) and THG. In
Section 4, we apply our analysis method to understand the
main features of the angularly resolved spectra, including the
spectral region near the second harmonic where both SPM
and THG contribute. We conclude with a summary and
discussion in Section 5.
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2. METHOD
The equation to model propagation of the total laser pulse takes
the canonical form of a unidirectional propagation equation
written in the spectral domain for the electric field
Ez, k⊥ , ω ≡ F Ez, r, t [17]:
∂E
iω
PE,
 ikz E 
∂z
2ϵ0 cnω

(1)

where kz  kω − k2⊥ ∕2kω, kω  nωω∕c, k⊥ is the
transverse wave number corresponding to the angle of propagation, c is the velocity of light in vacuum, and ϵ0 denotes the
vacuum permittivity. The linear properties of the medium are
characterized by the index of refraction nω in the expression
for the axial wavenumber kz . All nonlinear optical effects, such
as the optical Kerr effect, plasma generation by the optical field,
plasma defocusing, and nonlinear absorption due to ionization,
are contained within the nonlinear polarization source term P.
In the context of propagation models, effects associated with
ionization are usually modeled by a nonlinear current J rather
than a nonlinear polarization. However, without loss of generality, we can formally rewrite a current as a polarization:
J ≡ −iωP, and we will therefore discuss the diagnostic tool
using only polarizations. As will be seen in Section 3, the polarization response terms are calculated in the space–time domain,
i.e., Pz, r, t is a function of the total field Ez, r, t. In the
spectral domain, PE ≡ F PE is a function of z, k⊥ ,
and ω.
The total nonlinear polarization of the medium P is a linear
combination of medium response functions P l :
X
P l E,
(2)
PE 
l

where each P l is calculated from the total field E and represents
contributions from a particular nonlinear source term, e.g.,
THG or SPM.
The first technique aims to quantify the effect that each
source term has on the total spectrum. We calculate the change
in spectral intensity Iz, k⊥ , ω along propagation


∂I
∂ 1
iωnω0  


ϵ0 cnω0 E E 
E PE − EP  E:
∂z
∂z 2
4nω
(3)
The spectral intensity I has units of J s m2 , which is convenient
for calculating the energy contained within a region of the angular spectrum by integrating over frequency and transverse
wavenumber. Inserting Eq. (2) into Eq. (3) yields an equation
that describes the change in total spectral intensity as a sum of
terms containing the nonlinear polarizations P l :
X ∂I P,l
∂I X iωnω0  
, (4)

E P l E − EP l E 
∂z
∂z
4nω
l
l
where the subscript P denotes that these intensities refer to the
propagating field. We interpret each quantity ∂z I P,l as the
change in spectral intensity of the total propagating field
due to an individual nonlinear effect. Since the quantities
∂z I P,l are functions of frequency ω and transverse wavenumber
k ⊥ , Eq. (4) is useful in highlighting how a given nonlinear effect
transfers energy between different frequencies and angles. For
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example, it is possible to quantify the reduction of energy of the
fundamental and increase of energy of the third harmonic in
the case of THG. Integrating ∂z I P,l along propagation distance
z results in the net intensity change of the initial spectrum due
to a specific nonlinearity described by P l E. Therefore, the
total change in spectral intensity is equal to the
R of changes
P sum
from all nonlinearities Iz − Iz  0  l 0z ∂z 0 I P,l dz 0 .
The second technique is to track newly generated radiation
from a particular nonlinearity using auxiliary fields E l . These
auxiliary fields are generated by solving a system of propagation
equations. This is performed by propagating not only the field E
that includes all nonlinear effects of interest, but also auxiliary E l
that reflects the contribution of each specific source term P l E.
For example, if considering only THG and spectral broadening due to SPM, then the system of equations to solve reads
1
0
1
0
E
E
∂B
C
B
C
@ E THG A  ikz @ E THG A
∂z
E SPM
E SPM
1
0
P THG E  P SPM E
iω B
C

P THG E
A,
@
2ϵ0 cnω
P SPM E
(5)
where the initial auxiliary fields E l z  0 are assumed to be
zero. The fields in Eq. (5) are redundant, as the sum of the
second and third equations along with the initial total field
Ez  0 yields the first equation. However, this is on purpose,
allowing us to consider the first equation as the physical model
and the remaining equations as diagnostic tools.
The experimentally accessible quantity is the total spectral
intensity I, which differs from the sum of the intensities
associated with the auxiliary fields, since they interfere, reflecting the fact that different source terms can generate radiation at
the same location in the angular spectrum. In order to compare
the total spectral intensity I to a sum of generated intensities
I G,l , the terms must be combined coherently with the initial
field E 0  Ez  0. The total spectral intensity is written as

X 2

2

I  jEj  E 0 
E l 
l
X
X
X
 I0 
I G,l 
E 0 E l  E 0 E l  
E l E l0 , (6)
l

l ≠l 0

l

where the last two terms describe interferences that take place
between the initial field and fields generated by nonlinearities.
The subscript G is used to denote a spectral intensity associated
with a generated field.
For the example case of considering only the effects of
THG and SPM, the total intensity of the generated field
I G is written as
I G  I G,THG  I G,SPM  E THG E SPM  E THG E SPM
and is related to the total spectral intensity by
X
E 0 E l  E 0 E l :
Iz, k ⊥ , ω  I 0  I G 

(7)
(8)

l

The last term is relevant only for frequencies and wavenumbers
that are present in the input angular spectrum. It allows us to
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follow the modulations of the input angular spectrum, for instance by SPM, where new frequencies generated by SPM are
tracked by I G,SPM. From the angular spectrum of the pulse
Iz, k⊥ , ω at a given propagation distance z, the diagnostic
separates the total field intensity as a contribution from each
source term, I THG z, k⊥ , ω and I SPM z, k⊥ , ω, and the interference term E THG E SPM  E THG E SPM at any frequency and
angle. It allows us to distinguish the amount of third-harmonic
radiation generated by the THG and SPM source terms,
and where in the angular spectrum these effects interfere
constructively or destructively.
By using both techniques and the information contained in
∂z I P,l and I G,l , we are able to describe in detail which physical
effects are acting on which portions of the spectrum. These
techniques of separation allow us to capture well the generation
of new radiation through direct processes, such as THG from a
narrowband fundamental. However secondary contributions
coupled through propagation can be difficult to separate from
direct contributions. For example, the supercontinuum tail for
wavelengths longer than the fundamental can undergo THG.
The new radiation can interfere with the supercontinuum tail
on the shorter wavelength side and not be distinguishable from
the auxiliary fields only. It is therefore difficult to separately
qualify this secondary process as purely SPM or THG.
Fortunately, propagation equation Eq. (1) assumes a pertubative treatment of nonlinear polarizations; therefore, secondary
processes such as these should lead to a small amount of new
radiation compared to direct processes.
3. NONLINEAR SOURCE TERMS
The diagnostic method presented in Section 2 is applied to a
realistic carrier-resolved propagation model. The complete
medium response model reads
Pz, r, t  ϵ0 χ 3 E 3 z, r, t,

(9)

∂J e
e2
z, r, t  ρe Ez, r, t − νc J e z, r, t,
∂t
me

(10)

W jEj
U i Ez, r, t,
jEj2

(11)

J a z, r, t  ϵ0 cn0 ρ̃b

∂ρe
 W jEjρmol ρ̃b z, r, t,
(12)
∂t
where the included nonlinear source terms represent nonlinear
polarization due to the Kerr effect [Eq. (9)], and nonlinear currents due to the collective motion of freed electrons [Eq. (10)]
and phenomenological current to account for the loss of laser
energy from ionization [Eq. (11)]. The creation of free electrons
is governed by Eq. (12). In Eqs. (9)–(12), E is the real,
time-dependent electric field, the third-order susceptibility
χ 3  43 ϵ0 cn20 n2 , n0 is the refractive index at the central laser
wavelength, and the nonlinear refractive index n2 
8 × 1020 cm2 ∕W. The quantities e and me denote the electron charge and mass, ρe the free electron density, and the
effective collision frequency νc  2.857 × 1012 s−1, corresponding to a collision time of 350 fs. Due to the difference
in ionization potentials for oxygen (U i  12.06 eV) and nitrogen (U i  15.58 eV), electrons are released predominantly
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from the oxygen molecules. Therefore, Eq. (12) describes
the generation of electrons by optical field ionization of oxygen
molecules only, with the photoionization rate W jEj. The
fractional density of the bound electrons ρ̃b is linked to the
density of free electrons by the relation ρ̃b z, r, t 
1 − ρe z, r, t∕ρmol , where the density of oxygen molecules
in air is ρmol  5 × 1018 cm−3 . The ionization rate W is calculated according to the formulation by Perelomov, Popov, and
Terent’ev [18] that has been adapted to use the optical field
rather than the cycle-averaged envelope intensity. This is performed by modifying the time-averaging prefactor as described
in [19]. With this modification, it is possible to calculate the
rate of ionization based on the instantaneous intensity of the
real field I  ϵ0 cn0 E 2 .
The time-dependent third-order nonlinear polarization
[Eq. (9)] will give rise to a response both at the driving
frequency (SPM) and at its third harmonic (THG). In order
to separately consider these two as different source terms,
we use the analytic signal E a with 12 E a  E a   Et:
ϵ χ 3
Pz, r, t  0
E a  E a 3
8
ϵ χ 3 3
E a  3jE a j2 E a  c:c::
 0
(13)
8
The analytic signal is constructed using the Fourier transform
and keeping only positive frequencies. Using these definitions,
the polarization responsible for THG is
ϵ χ 3
F ω>0 E 3a ,
(14)
P THG  0
4
and the term for SPM is
3ϵ0 χ 3
F ω>0 jE a j2 E a ,
(15)
4
where F ω>0 is a Fourier transform where only the positive
frequencies are kept. We note that Eqs. (14) and (15) have
forms very similar to those used in nonlinear optics when
considering propagation of the envelope field rather than the
carrier-resolved field.
The effects due to ionization and the motion of plasma are
combined into a single medium response function written as
i
P PLA  J e  J a ,
(16)
ω
where J e and J a are the spectral quantities corresponding to
Eqs. (10) and (11), respectively. Therefore, the total polarization of the medium that enters into the propagation equation
is P  P THG  P SPM  P PLA .
The input laser pulse has a super-Gaussian radial profile
(n  3) and is focused by a parabolic mirror (f  200 cm)
defined by
  n
r
E a z  0, r, t  E 0 exp −b
D

k 0 r 2 at − τr, f 2
−
−i
 iω0 t  iϕ , (17)
2f
T2
P SPM 

where k 0  2π∕λ0 with a central wavelength of 1.4 μm, the
carrier frequency is ω0  ck0 and its phase is ϕ  0,
a  2 ln 2, b  2n−1 ln 2, the FWHM beam diameter
D  1.2 cm, and the FWHM pulse duration T  11 fs.
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Fig. 1. Angularly resolved spectrum of the initial laser pulse
Iz  0. The scale is normalized such that the initial peak spectral
intensity is one.

The parabolic mirror is implemented by curving the wavefront
[20] according to τr, f   r 2 ∕2cf . The maximum of the
envelope E 0 is chosen such that the energy of the pulse is
1.4 mJ. At this wavelength and energy, the laser pulse has a
peak power 2.9 times the critical power for self-focusing.
Using these parameters, the angularly resolved spectral intensity
of the initial laser pulse is plotted in Fig. 1. We would like to
emphasize that the presented analysis techniques and methods
of interpreting the results are independent of the chosen laser
and medium parameters.
4. RESULTS
The angular spectra in Fig. 2 give an overview of the laser pulse
dynamics that take place in the simulation. They show the resulting distribution in frequency and angle (shown as transverse
wavenumber k ⊥ ) of spectral intensity of the total field E that
includes all nonlinear effects. All plots of spectral intensity,
I G,l , and the change in spectral intensity, ∂z I P,l , are normalized to the peak value of the initial spectral intensity at z  0.
We highlight to the reader the main features present in these
spectra. Along propagation, the pulse dynamics can be divided
into three stages: before the focus (up to approximately
190 cm), near the nonlinear focus point (190–200 cm), which
occurs sooner in propagation than the geometric focus due to
the nonlinearities, and beyond the focus. In the first stage, the
spectrum of the pulse undergoes mainly SPM, as seen by the
spreading of the fundamental, and THG. Up to this propagation distance, both effects have stayed well separated and do not
populate the same regions in the spectrum. Once the pulse has
reached the stage near the focus, the spectra of fundamental and
third harmonic begin to overlap near the second harmonic.
Additionally, there is conical emission of third harmonic
extending to k⊥  65000 m−1 . In the last stage, as the pulse

Fig. 2. Log intensity of angular spectra of the total field I near the
focus (left and center) and beyond the focus (right).
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Fig. 3. Log intensity of angular spectra for the field generated by
field I G,THG near the focus (left and center) and beyond the focus
(right).

propagates beyond the focus, the on-axis portion of the third
harmonic does not survive, leaving only a ring.
To investigate which nonlinear source terms play a role in
producing these particular spectral features, we apply the
techniques described in Section 2, where we separate the total
nonlinear polarization into three terms representing THG,
Eq. (14); SPM, Eq. (15); and the combined effects due to
plasma, Eq. (16).
In Fig. 3, the generated fields for THG I G,THG are shown at
two distances near the focus and one beyond the focus.
Along with the generated fields, it is helpful to plot the
change in spectral intensity due to THG ∂z I P,THG (Fig. 4)
at three distances near the focus, where the spectrum changes
most rapidly.
Areas of red are where the THG term can increase spectral
intensity, whereas areas of blue indicate where spectral intensity
can be reduced, mainly through coupling light back to the
fundamental frequency.
There are some key insights that can be drawn from Figs. 3
and 4. Before the focus (up to 180 cm), the term describing the
change in spectral intensity from THG ∂z I P,THG continually
increases the spectral intensity of the third-harmonic spectral
region. As the laser pulse nears the focus (190 cm), this term
becomes negative and removes third-harmonic energy. Despite
the change in sign for the THG term, there is still an increase in
overall intensity of some portions of the third harmonic between distances of 190 cm and 200 cm (Figs. 2 and 3).
This increase can be accounted for by considering the additional effects from plasma, which are shown in Fig. 9. The accumulation and subsequent removal of third-harmonic energy
as the pulse passes through the focus is a known phenomenon
for THG from a Gaussian beam propagating in an infinite
medium with normal dispersion [4,21]. The mechanism

Fig. 4. Symmetric log plot of the change in intensity of angular
spectra due to the polarization representing third-harmonic generation, ∂z I P,THG . Red indicates an increase, and blue is a decrease.
Small values between −10−4 and 10−4 are displayed on a linear scale.
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Fig. 5. Log intensity of angular spectra for the SPM auxiliary field
I G,SPM near the focus (left and center) and beyond the focus (right).
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Fig. 7. Symmetric log plot of the interference term E THG E SPM 
E THG E SPM between fields generated from SPM and THG. Small
values between −10−6 and 10−6 are displayed on a linear scale.

responsible for this cancellation is the Gouy phase shift, where
destructive interference occurs between the third harmonic
generated before and after the focus. Since this cancellation
mechanism is not perfect for broad spectrum pulses under
the influence of multiple nonlinear effects, some portions of
the third harmonic are able to freely propagate into the far field.
For this particular simulation, the cancellation removes nearly
all of the third harmonic light on-axis, leaving only the ring.
Now we turn our attention to the nonlinear term representing SPM. The field generated by SPM I G,SPM is displayed in
Fig. 5 for three distances around the focus, and the change in
spectral intensity due to SPM ∂z I P,SPM is shown in Fig. 6 for
two distances near the focus and one beyond the focus.
These spectra show that SPM contributes mainly to changes
in the spectrum near the fundamental frequency, but does play
some role in affecting other areas of the spectrum. In Fig. 6, the
spectral spreading of the fundamental is particularly visible at
distances of 190 cm and 200 cm, where the decrease in spectral
intensity at harmonic order 1 is offset by an increase in intensity
in adjacent lower and higher frequencies. It is also visible that
SPM contributes to conical emission near the fundamental frequency and that the third harmonic does undergo SPM.
Since Figs. 3 and 5 show that the generated fields from
THG and SPM contribute to similar spectral regions, especially
between the second and third harmonics, it is useful to
understand their interplay and resulting effect on the spectrum.
In Fig. 7, we highlight the areas in the spectrum where
the generated fields from THG and SPM constructively
or destructively interfere by plotting the interference term,
E THG E SPM  E THG E SPM , for two distances near the focus
and one beyond the focus. Areas of red indicate where the
generated fields constructively interfere, and blue shows destructive interference. The two sources produce tagged
fields that strongly interfere, indicating that changes to the

supercontinuum spectrum between the fundamental and
third harmonic are influenced by both sources and that the
destructive interference between them plays a large role in
the resulting supercontinuum in the far field [22].
The spectral intensity, I G,PLA , and the changes in spectral
intensity, ∂z I P,PLA , for the combined effects of ionization and
plasma are displayed in Figs. 8 and 9, respectively.
Figures 8 and 9 show that plasma effects contribute strongly
near the fundamental frequency and are also responsible for the
generation of a significant fraction of the third-harmonic spectrum. A comparison with Figs. 4 and 6 shows that SPM and
plasma effects are the main contributors to changes in the spectral intensity around the fundamental frequency, and that
THG and plasma effects are responsible for generating the majority of the third harmonic. In Fig. 9, the fine structure around
the fundamental frequency gives additional information: a
striking asymmetry appears between the blue and red areas,
in contrast to the corresponding patterns in Fig. 6 (190 cm
and 200 cm), where SPM “more evenly” redistributes energy
from the fundamental to higher and lower frequencies. This
asymmetry indicates that plasma effects result in higher

Fig. 6. Symmetric log plot of the change in intensity of angular
spectra due to the polarization representing SPM, ∂z I P,SPM . Red indicates an increase, and blue is a decrease. Small values between −10−2
and 10−2 are displayed on a linear scale.

Fig. 9. Symmetric log plot of the change in intensity of angular
spectra due to the combined effects of ionization and plasma,
∂z I P,PLA . Red indicates an increase, and blue is a decrease. Small values
between −10−2 and 10−2 are displayed on a linear scale.

Fig. 8. Log intensity of angular spectra for the auxiliary field I G,PLA
near the focus (left and center) and beyond the focus (right).
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Fig. 10. Plot of the third-harmonic energy contained within harmonic orders 2 and 4 due to various source terms at distances along
propagation. The energy of the third harmonic due to all effects (total)
is separated into the auxiliary fields representing the full Kerr effect
[Eq. (9), Kerr], the effects due to plasma PLA, and their interference.
The energy is scaled by the peak value of the total field.

frequencies being generated more than lower frequencies. This
diagnostic is in keeping with our expectations from the effect of
plasma-induced SPM, which is responsible for an overall blue
shift in the pulse spectrum [23]. The tilted structure of the red
pattern shows the role of the coupling of plasma effects with
dispersion in conical emission. The tilt maps frequencies
(colors) with angles, showing that redder colors are generated
closer to the propagation axis, as is observed in numerous
experiments [24–26].
Interference among the fields generated by all three effects is
possible. This interference becomes significant near the third
harmonic, where the generated fields from each source term
contain spectral energies at the same order of magnitude.
To calculate the energy, we integrate the spectral intensity over
all values of k⊥ and for the frequencies contained between harmonic orders 2 and 4. For simplicity, we combine the generated
fields of SPM and THG into a term capturing the full Kerr
effect, E Kerr  E SPM  E THG , which is equivalent to a field
generated by Eq. (9). The energy contained in the generated
field for Kerr is compared to the field generated from plasma
effects along propagation in Fig. 10. The energy values
displayed have been scaled to the peak energy of the third
harmonic, which appears around 195 cm. The third-harmonic
energy corresponding to the Kerr term exhibits the backconversion process beyond the focus, as discussed by Ward
and New [21]. Plasma-induced third-harmonic energy increases beyond the focus up to a level almost equal to that
of the remaining Kerr-induced third-harmonic energy. The
Kerr and plasma effects roughly have the same importance
in THG. However, it is apparent that the generated fields
I G,Kerr and I G,PLA interfere significantly along propagation
for the spectral region around the third harmonic. This leads
to a relevant reduction of the third-harmonic energy beyond
the focus compared to the third-harmonic independently
generated by each effect.
5. CONCLUSION
We propose a numerical diagnostic tool that is useful for interpreting the role that different physical effects play in
mediating the spectral energy transfer of an ultrashort laser

Research Article

pulse during propagation. We are able to quantify the changes
to the intensity of the angular spectrum due to each nonlinear
source term and track the fields generated by them as a function
of propagation distance, frequency, and transverse wavenumber. By inspecting and comparing these quantities, it is possible
to extract details of the spatiotemporal and spatiospectral dynamics that have taken place in a simulation. We illustrated
the usefulness of this diagnostic technique by quantifying
the roles of SPM and THG, the effects of plasma and ionization, and the interference of radiations produced by these
effects, in supercontinuum generation and conical emission.
Although this diagnostic is developed in the context of
propagating laser pulses, the approach is quite general and versatile. It has the advantage that it does not modify the original
simulation in any way. It also relies only on the fact that the
physical effects of interest enter into the modeling equations as
a linear superposition of source terms and therefore their individual contribution can be separately accounted for in each step
in the simulation. As such, this diagnostic could be applied to
all numerical simulations in physics that rely on an evolution
equation that integrates separate source terms.
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